• We report a statistical study of magnetic-field curvature by MMS • The curvature field is observed to be distributed with distinct powerlaw tails • Magnitude of the curvature and magnetic field are found to be anti-correlated
Introduction
The curvature of the magnetic field enters in numerous important ways in electrodynamics (Petschek, 1964) and plasma physics (Boozer, 2005) , representing one of the principle ways that magnetic fields interact with matter. Curvature plays a key role in magnetic reconnection (Petschek, 1964) , stability of magnetic confinement (Dobrott et al., 1977) , in magnetospheric physics and space physics (Hameiri et al., 1991) , and in particle heating and acceleration (Jokipii, 1982; Pesses et al., 1981; Dahlin et al., 2014) . Usually, curvature is studied with regard to specific magnetic configurations. For example, stability with respect to ballooning modes requires favorable curvature that is antiparallel to the pressure gradients (Boozer, 2005) . Similarly, the large curvature of field lines in reconnection exhausts gives rise to relaxation towards a less stressed state, leading to electron energization by curvature drift acceleration (Dahlin et al., 2014) . Magnetic-field curvature has been useful for detecting helical field configuration of flux ropes from in situ measurements (Slavin et al., 2003; Shen et al., 2007; Sun et al., 2019) .
Recently, the curvature of magnetic field lines has been studied in the magnetohydrodynamic (MHD) model of plasma turbulence (Yang et al., 2019) . In the case of turbulence, it is impractical to study curvature of individual field lines and one may resort to a statistical approach, as is typical in studies of turbulence (Monin & Yaglom, 1971) .
In these simulations, one finds interesting properties such as a distribution of curvature that exhibits two power-law regimes, and a systematic anticorrelation of curvature with magnetic field strength, for low values of magnetic field strength. Here, we extend this statistical examination of magnetic curvature by analysis of in situ satellite observations in the terrestrial magnetosheath. We employ Magnetospheric Multiscale (MMS) data that reveal distributions and correlations that are consistent with, and in fact very similar to, those observed in the MHD simulations (Yang et al., 2019) . These results confirm the theoretical model given in Yang et al. (2019) , opening the door to new applications such as curvature drift acceleration in turbulence as well as the possible role of local explosive instabilities in turbulence.
Theory and Method
The curvature κ of magnetic field B is defined as
where b = B/B and B = |B|. It can be expressed also in the form
where f n = |b×(B·∇B)| is the magnitude of the tension force (per unit volume) acting normal to the field lines. In the curvilinear coordinate attached to a field line, traced by a trajectory γ(s), the scalar s is a coordinate along the field line, while e t = dγ ds /| dγ ds | = b and e n = d 2 γ ds 2 /| d 2 γ ds 2 | are the unit vectors in the tangential and normal directions along the field line, respectively. Then
Equation (2) follows directly from equation (3).
It is shown in the following section that high curvature values are well associated with weak magnetic field. In contrast, low curvature values mainly result from small normal force, more so than from large values of magnetic field. These findings point the way to explain the power-law tails in the curvature distribution in both the high value range, and the low value range, reasoning as follows (Yang et al., 2019) .
First, let us consider the low value range. Noting that the normal force is two-dimensional, we write its cartesian components as f 1 and f 2 , and then assume that these are independent Gaussian random variables. This should be a reasonable approximation for small values of f n = f 2 1 + f 2 2 . Then the PDFs of f 1 and f 2 may be written as
where, f denotes the vale of either f 1 or f 2 at the point of interest, and σ 2 1 is the variance. The quantity f 2 n /σ 2 1 = (f 2 1 +f 2 2 )/σ 2 1 should then be distributed according to the chi-squared distribution with 2 degrees of freedom. The corresponding PDF of f n at small
Here, f represents the value of the variable f n . Since κ = f n B −2 and low curvature κ is determined by the scaling behavior of small normal force f n , the PDF of curvature as κ → 0 can be written as
Here, κ is the value of the variable κ. Let us assume that B is finite in this limit, which could be replaced with B rms in equation (6). Then the Taylor series of the PDF around
The higher-degree terms are much smaller as κ → 0, so we retain only the lowest order term, and obtain
In a similar way, we can explain the power-law tail of the PDF for high curvature values. In isotropic turbulence, we suppose that x, y, and z components of magnetic fluctuations are independent Gaussian random variables. Then
where N (0, σ 2 2 ) denotes the normal distribution with mean 0 and variance σ 2 2 . The quan-
where, b represents the value of B 2 at the point of interest, and Γ is the gamma function.
Since κ = f n B −2 and high curvature κ is determined by the scaling behavior of weak magnetic field B 2 , the PDF of curvature as κ → ∞ can be written as
Again, κ is the value of the variable κ. In analogy to the prior case, we assume that f n remains finite in this limit, and replace the associated value with the average f n in equation (11). Then the Taylor series for the PDF about 1/κ = 0 becomes,
It follows that in the limit as κ → ∞, i.e. 1/κ → 0, the curvature PDF scales as
Previously (Yang et al., 2019) , the above reasoning was found to explain the behavior of the distributions of curvature in three dimensional, isotropic, MHD simulations. We now extend this inquiry to the case of a naturally occurring space plasma, the turbulent magnetosheath.
Below, we use four-spacecraft linear estimates of gradient, similar to the "curlometer" method (Dunlop et al., 1988; Paschmann & Daly, 1998) to calculate ∇b. Then a dot product with b yields the curvature κ = |b·∇b|. In section 3, we use this approach to analyze the statistical properties of the curvature field using MMS observations, including the accuracy of the above scaling arguments. (1) ). The main quantitative observational result of this study is contained in Fig. 2, which shows the probability distribution function of the curvature. As far as we are aware, this is the first such observational analysis of magnetic curvature in a space plasma.
MMS Observations
The probability distribution function shown in figure 2, exhibits two distinct powerlaw regimes: at low values of the curvature field, its distribution scales as κ +1 , while at high curvature values the distribution behaves as κ −2.5 . This is remarkably similar to the empirical and theoretical findings of Yang et al. (2019) . To further clarify the statistics of the magnetic curvature, Figure 3 shows the joint distributions of curvature and squared magnetic field magnitude, and curvature and normal force. The relationship between curvature and regions of weak magnetic field is corroborated by the former. This is consistent with the intuition that weak magnetic fields are easier to bend, and leads to the above-described κ +1 curvature distribution in the low magnetic field regime. Similarly the positive correlation between curvature and normal force per unit volume, seen in Figure 3 panel (b) , supports the reasoning that leads to the κ −2.5 behavior of the κ distribution at large values.
As a final, direct observational diagnostic, in Figure 4 we show a small sample of the time series that illustrates how large curvature regions are often localized in regions in which the magnetic field strength is low. Indeed, in Figure 4 one observes several peaks in curvature values that are contemporaneous with sharp drops in the magnetic field strength.
For clarity, only a small subinterval of the whole magnetosheath intervals is shown.
Discussion
Employing the unique capabilities of the Magnetospheric Multiscale mission, we have studied the statistical properties of the curvature of the magnetic field measured in the terrestrial magnetosheath by the FGM instrument onboard each of the four spacecraft. The dataset employed is a long, 40 minute duration, burst mode interval in the terrestrial magnetosheath. This determination of the statistical character of the magnetic curvature is the first of its kind in a space plasma, as far as we are aware.
We find two powerlaw regimes in the distribution of values of curvature: a κ +1 regime at low κ, and a κ −2.5 regime at large κ. We also find an anticorrelation of curvature and magnetic field strength at low magnetic field strength, and a positive correlation of curvature and normal force per unit volume at large values of the force. All of these results are qualitatively consistent with the findings of Yang et al. (2019) , based on MHD simulations. What is more remarkable is the degree of quantitative agreement of the present observations with the MHD results. The simple theory outlined here, clearly is adequate to explain the two powerlaw ranges in the curvature that are seen in both simulations and observations.
One possibility that presents itself is that these results may be applicable to turbulent magnetic fields in other venues including other heliospheric environments and perhaps in astrophysical contexts as well. We note that, in order to derive the power-law scalings, equations (8) and (13), we assume that the magnetic field components are isotropically distributed. Real systems are never perfectly isotropic at any length scale, but the magnetosheath conditions are rather close to isotropy with a weak DC field (see figure 1 and table 1). Extending the present study to other plasma systems, e.g., solar wind, magnetotail, magnetosphere, etc., would require appropriate modification to the derivation, although the basic arguments are expected to remain unchanged. Independent confirmation from other simulations, laboratory experiments, as well as other observations, if available, is called for. To the extent that these results are robust, at least one major theoretical application is suggested. Specifically, curvature drift acceleration theory (e.g., (Hoshino et al., 2001; Dahlin et al., 2014; Guo et al., 2015) ), has apparently been very successful in explaining electron energization in individual magnetic reconnection events. Since this theory depends explicitly on κ, one would expect that an immediate extension based on the present results would be to include a statistical distribution of curvature values, to develop a curvature drift energization mechanism appropriate to magnetized plasma turbulence.
data, as well as the work done by the MMS Science Data Center (SDC). The data used in this work are Level 2 FIELDS data products, in cooperation with the instrument teams and in accordance with their guidelines. All MMS data used in this study are publicly available at the MMS Science Data Center (https://lasp.colorado.edu/mms/sdc/public/).
